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Abstract. We study shortfall risk minimization for American options with 
path dependent payoffs under proportional transaction costs in the Black- 
Scholes (BS) model. We show that for this case the shortfall risk is a limit of 
similar terms in an appropriate sequence of binomial models. We also prove 
that in the continuous time BS model for a given initial capital there exists a 
portfolio strategy which minimizes the shortfall risk. In the absence of transac- 
tions costs (complete markets) similar limit theorems were obtained in Dolin- 
sky and Kifer (2008, 2010) for game options. In the presence of transaction 
costs the markets are no longer complete and additional machinery required. 
Shortfall risk minimization for American options under transaction costs was 
not studied before. 



1. Introduction 

This paper deals with shortfall risk minimization for American options under 
proportional transaction costs. It is well known that in a complete market an 
American contingent claim can be hedged perfectly with an initial capital which 
is equal to the optimal stopping value of the discounted payoff under the unique 
martingale measure. In the presence of transaction costs the market is no longer 
complete and the initial capital required for perfect hedging (superhedging price) 
of the options is often too high. In fact, several authors, see for example, Soner, 
Shreve and Cvitanic (1995), Levental and Skorohod (1997) and Cvitanic, Pham and 
Touzi (1999) showed that the superhedging price of European call options (also of 
American call options) in the BS model is equal to the price of buying the stock at 
the time the option is purchased. In Jakubenas, Levental, and Ryznar (2003) these 
results were extended to path dependent options. For example, it was demonstrated 
that for European and American options (in the BS model) with Russian type of 
payoffs the superhedging price is infinite, i.e., perfect hedging is not available. Thus 
with the presence of transaction costs it is reasonable to assume that the seller's 
(investor's) initial capital is less than the superhedging price. In this case, the seller 
is ready to accept a risk that his portfolio value at an exercise time may be less 
than his obligation to pay and he will need additional funds to fuUfil the contract. 
This leads to the natural question of minimization of risk for a given amount of 
initial capital. In order to make this question precise we need to define explicitly 
the risk measure. 
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We deal with a certain type of risk called the shortfall risk, which is defined for 
American options as the maximal expectation with respect to the buyer exercise 
times of the discounted shortfall (see Mulinacci 2010). In the presence of transac- 
tion costs the problem of shortfall risk minimization was studied only for European 
options, see Guasoni (2002A, 2002B), Komizono (2001, 2003) and Trivellato (2009). 
The first two authors considered a general setup for which they proved that for a 
given initial capital there exists a portfolio strategy which minimizes the shortfall 
risk. In Trivellato (2009) shortfall risk minimization is studied for European options 
in a binomial model and it is shown that for a given initial capital, the shortfall 
risk and the corresponding optimal portfolio can be calculated by dynamical pro- 
gramming algorithm. 

In this paper we study shortfall risk minimization for a cash-settled American 
options in the BS model. We consider path dependent payoffs with some regularity 
conditions. We allow only self financing portfolios which satisfy the no-bankruptcy 
condition i.e., a portfolios with nonnegative wealth process. This corresponds to 
the situation when the portfolio is handled without borrowing of the capital. By 
using convexity of the shortfall risk measure, we will show that for a given initial 
capital there exists a portfolio strategy which minimizes the risk. From practical 
view point, existence results are not sufficient, an investor with a fixed initial capital 
want to compute the minimal possible shortfall risk and to find explicitly a portfolio 
strategy which minimizes or "almost" minimizes the shortfall risk. For binomial 
models the above problems can be solved by dynamical programming algorithm. 
Our approach is to use an appropriate sequence of binomial models in order to 
approximate the shortfall risk and to construct " almost" optimal portfolios in the 
BS model. Namely, we will show that under proportional transaction costs the 
shortfall risk in the BS model is a limit of similar terms with the same proportional 
transaction costs in an appropriate sequence of binomial models. Furthermore we 
will use the optimal portfolios in the binomial models in order to construct " almost" 
optimal portfolios for the BS model. 

Similar results were obtained in Dolinsky and Kifer (2008, 2010) for game options 
without the presence of transaction costs. The proof of the results there relied 
heavily on the completeness of the markets, which is no longer the case with the 
presence of transaction costs. 

The main auxiliary result which is crucial for proving the limit theorems in our 
setup is the stability of the shortfall as a function of the transaction costs parameters 
A, /i. This result may be also of some independent interest. In particular we will 
see that as A 4 0, the shortfall risks converge to the shortfall risk of the complete 
market. Note that for the superhedging prices this is not true in general. For 
instance, the call option superhedging prices converge (as n,X I 0) to the initial 
stock price which is bigger than the call option price in the complete BS market. 
The same occurs for American options with Russian type of payoffs. In this case 
the limit of the superhedging prices (as /U, A J, 0) is infinity. 

The paper is organized as following. Main results of this paper are formulated 
in the next section. In Section 3 we analyze the binomial models and provide a 
dynamical programming algorithm for the shortfall risk and the corresponding opti- 
mal portfolios. In Section 4 we complete the proof of the limit theorems (Theorems 
2.2 2.3). In Section 5 we prove Theorem 2.1 which provide an existence result for 
the optimal portfolio in the BS model. 
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2. Preliminaries and main results 

Consider a complete probability space (Ow, P^' ) together with a standard one- 
dimensional continuous in time Brownian motion {W (t)}^Q, and the filtration 
= a{W{s)\s < t}. We assume that the tr-algebras contain the null sets. A BS 
financial market consists of a savings account B{t) with an interest rate r, assuming 
without loss of generality that r = 0, i.e. 

(2.1) B{t) = Bo>0 

and of a risky asset given by the following equation 

(2.2) S^{t) = So exp{(jW{t) + {k- (j'^/2)t), Sq > 

where tr > is called volatility and /t e M is another constant. Denote by 

the unique martingale measure for the above model. Using standard arguments it 
follows that the restriction of the probability measure P^ to the cr-algebra J"^ 
satisfies 

(2.3) Z{t) ^IJ-f = eM-^W{t) - l(^)^i). 

Let T < oo be the maturity date of our American option and let 7^,^] be the 

set of all stopping times with respect to the filtration which take values in 
[0,r]. Denote by M[0,r] the space of all Borel measurable functions on [0,T] 
with the uniform topology (induced by the norm ||u|| = suPq<(<ji |u(t)|). Let 
F : [0,T] X M[0,T] M+ be a continuous function (with respect to the product 
topology) such that there exists a constant C > which satisfies 

/r,4N sup F{t,x)<C sup \x{t)\, yx€M[0,T]. 

' o<t<r o<t<T 

Furthermore, we assume that for any t G [0, T] and x,y G M[0, T], F{t, x) = F{t, y) 
if x{s) = y{s) for any s <t. 

Next, consider a cash-settled American contingent claim with the payoff process 
given by 

(2.5) Y^{t) = F{t,S^'), 0<t<T. 

From the assumptions above it follows that {i^^(i)}tLo ^'^ ^ continuous adapted 
stochastic process and supo<t<-r Y^{t), supo<t<-r r^(<) < oo, where 
and E^ , denote the expectations with respect to the probability measures P^ and 
P^, respectively. 

In our model purchase and sale, of the risky asset are subject to a proportional 
transaction costs of rate A and /i, respectively. We assume that A > and < /U < 1 
are constants. Thus a trading strategy with a (finite) horizon T and an initial 
capital a; is a pair tt = (a;, 7) where 7 = {7(i)}tLo an adapted process of bounded 
variation with left continuous paths and 7(0) = 0. Set 

(2.6, = 2»±4i^M = !>!^zM. 

Clearly ^{t) = 7"'"(t) — J~{t) is a decomposition of 7 into a positive variation 7+ 
and a negative variation 7". The random variables J^{t) and J~{t), denote the 
cumulative number of stocks, purchased up to time t and sold up to time t, (not 
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including the transfers made at time t) respectively. The portfolio value at time 
t G [0, T] (after liqudation) of a trading strategy n is given by 

(2.7) V,-Jt) =x-{l + A)(/o* S^{u)d'r+{u) + j{t)-S^{t)) 

+(1 - M)(/o S^{u)d^-{u) + 7{trS^{t)) 

where we denote y+ = max(y, 0), y~ = max(— 0). Observe that V^ij^{t) is the 
portfolio value before the transfers made at time t. A self financing strategy n is 
called admissible if the following no-bankruptcy condition holds 

(2.8) V^Jt)>0 VtG[0,r]. 

The set of all admissible self financing strategies with an initial capital x will de- 
noted by A^{x, A, fi). For an admissible self financing strategy tt the shortfall risk 
is given by 




which is the maximal possible expectation of the shortfall which measured in cash. 
The shortfall risk for an initial capital x is given by 

(2.10) R(x,X,n)= inf R{tt,X,h). 

A portfolio strategy tt € {x, X, n) will be called £-optimal if R{tt,X,ij.) < 
R{x, X, ju) + £. For £ = the above portfolio is called an optimal portfolio. 

The following theorem (which is proved in Section 5) provides an existence result 

for the optimal portfolio. 

Theorem 2.1. For any A>0, 0</u<l and x G there exists a portfolio 
strategy w € A^{x, A, /u) such that 

(2.11) R{Tr, X, n) = R{x, X, n). 

Next, we introduce the binomial models. Similar binomial models were used to 
approximate option prices and shortfall risks in the complete setup (see Kifcr 2006, 
Dolinsky and Kifer 2008, 2010) i.e., in the absence of transaction costs. For any 
n consider the n-step binomial market which consists of a savings account B^"^ (t) 
given by 

(2.12) S(")(i) = Bo>0 

and of risky stock 5^'" given by by the formulas S^'"'{t) = So for t G [0,T/n) and 

[nt/T] 

(2.13) S'«'"(t) = So exp (a(r/n)i/^ ^ a) if t > T/n 

fe=i 

where ^i, ^2, ••• are i.i.d. random variables taking values 1 and —1 with probabilities 
= (exp((a - f )y|) + 1)-' and 1 - = (exp((^ - a)^) + 

respectively. Let P| = {p^") , 1 — p'"^ } be the corresponding product probability 
measure on the space of sequences = { — 1,1}°°. For any fc > let J-"^ = 
''■{^1) (-^0 = {^^^i})- Denote by Ton the set of all stopping times with 

respect to the filtration T^. with values in {0, 1, n}. 
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The n step binomial market is active at the times 0, ^, ...,T. As before we 
assume that purchase (respectively, sale) of the risky asset is subject to a pro- 
portional transaction cost of rate A (respectively, /u). Thus in the n-step binomial 
model a trading strategy with an initial capital a; is a pair tt = {x, {7(fc)}^=i) where 
for any k, ^{k) is a random variable J^_i measurable which represents the number 
of stocks that the investor has at the moment — , before the transfers made in this 
moment of time. The portfolio value (in cash) of a trading strategy tt is given by 

(2.14) V^^^ik) =x-{l + A)(7(fc)-5«'"(fcr/n) + 
E-=i(7(0 - - l))+5«'"((i - l)T/n)) + (1 - /i)(7(fc)+5«."(fcr/n) + 

Eti(7(*) - 7(* - l))-^«'"((» - l)T/n)), fc = 0, 1, n. 

Note that V^i^{k) is the portfolio value at the time ^ before the made transfers 
in this time. A self financing strategy tt is called admissible if the following no- 
bankruptcy condition holds 

(2.15) VZ^{k) > Vfc < n. 

The set of all admissible self financing strategies with an initial capital x will de- 
noted by A^'"'{x, A, /Lt). 

Consider an American contingent claim with the adapted payoff process 

kT 

(2.16) Y^'"(k) = Fi — ^S^'"), 0<k<n. 

n ' ' ' 

For TT g ^^'"(x, A, [i) the shortfall risk defined by 

(2.17) i?n(7r, A,«) = max i5«[(r«'"(T) - VI^(t)Y\ 

where i?^ is the expectation with respect to the probability measure P^. The 
shortfall risk for an initial capital x is given by 

(2.18) Rn{x,\ii)= inf i?„(7r. A, /x). 

7re.A5'''(a;,A,ju) 

The following theorem is the main result of the paper and it says that the shortfall 
risk of an American option in the BS market with proportional transaction costs 
A, /X can be approximated by a sequence of shortfall risks of an American options 
with same proportional costs in the binomial models defined above. This result has 
a practical value since for any n the shortfall risk Rn{x, X, /i) can be calculated by 
dynamical prograrmning algorithm which is given in Section 3. 

Theorem 2.2. For any A>0, 0</x<l and x € R+, 

(2.19) lim i?„(a;,A,/x) = i?(x, A,/i). 

n— f oo 

Next, we introduce a simple form of Skorohod embedding which allows to con- 
sider the above binomial markets and the BS model on the same probability space. 
Set W*{t) = t > and for any n S N define recursively 6^^^ = 0, 

6l^'^\ = inf {t > el^^ : \W*{t) - W*{ei"^)\ = }. Observe (see Dolinsky and Kifer 

2008) that for any k, W*(6I^"\) - H^*(6'^"^) is independent of J]f„) and excepts the 

values and —^J^, with probabilities p^"^ and 1 — p'"^ respectively. For any 



6 



Y.Dolinsly 



n define the map n„ : L°°(J'|,F«) ^ L°°{Fj„^,P^) by n„(t/) = t/ so that if 
^ = fo"- a function / on {^f, -^f }" then 

Let ^'^'"(x, A, /i) be set of admissible self financing strategies which managed on 
the set {0, 6'J"\ 6'i"-'} such that after the moment ^^i"-* the number of stocks in 
the portfolio is 0. Namely, tt = {x, {'^it)}^^) e A, /i) if there are random 

variables Wi, u„ such that 

n-l 

(2.20) 7(i) = EV"'<t<«!:r'+^ 

where for any i > 1, is J'^n) measurable. We require that the corresponding 

wealth process which is given by p.7p will satisfy the no-bankruptcy condition 
p.Sp . The map n„ allows us to define a function ipn ■ A^''^{x, A, /x) — ^ A^'^{x, A, ^) 
which maps admissible self financing strategies in the n-step binomial model to the 
set of admissible self financing strategies in the BS model. Let tt = {x, {jik)}^^-^) G 
A^'"{x,X,fi). Define Vn(7r) = (a;, {o'lOlt'^o) where 

(2.21) 7(0 = E V><*<«Sl""^^^' + 

2 = 

where we set Ia = 1 if an event A occurs and Ia = if not. Let us show 
that TT := 7/'n(7r) is an admissible portfolio. From (|2.7p . (|2.14p and the equality 
n„(S'«'"(A:T/7i)) = S'^(6i^"^), A: < 71 it follows that 

(2.22) Viy^'^)^n,,{V;^Jk))>0, k^OA,-,n. 

The portfolio strategy tt is managed only on the set {0,9["^\ ...,6'i"''}, and so it is 
clear that the wealth process {Vx fii^)}^Q ^ supermartingale with respect to the 
measure Furthermore for any t, V^^it) = V^^it A 6*1"^). This together with 
(P:^ gives 

(2.23) v,%{t) > E'^{vzjei:^y)\:F^^,j > 0. 

Thus ipn{T^) satisfies the no-bankruptcy condition, and Vn(i') S A^'^{x,\, y). If 
we restrict the portfolio ipniTr) to the interval [0,T] we obtain an clement which 
belongs to A}^ [x, X,IJ,)- 

In Section 3 we prove that the optimal portfolios for the shortfall risk measure 
in the above binomial models can be calculated by using a dynamical programming 
algorithm. The following result shows how to use these portfolios together with the 
maps i/'n, " G N in order to construct "almost" optimal portfolios in the BS model. 

Theorem 2.3. Let A > 0, < /i < 1 and x > 0. For any n ^ N let 7r„ — 
7r„(a;, A,/i) G A^'"'{x, X, ^) be the optimal portfolio given by I13.18\) . Then 

(2.24) lim i?(V'„(7r„),A,/i) = i?(a;,A,/i). 
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3. Analysis of the binomial models 

In this section we provide a dynamical programming algorithm for the shortfall 
risks and the corresponding optimal portfolios in the binomial models. This dy- 
namical programming algorithm will be essential for comparing the shortfall risks in 
the binomial models with the shortfall risk in the BS model. Through this section 
we will assume that the transaction costs A, /i are fixed. 

Let TT = (x, {7(fc)}fe^i) e A^^'^ix, X,n) for some x > and n e N. From ([2J4l) 
it follows that 

(3.1) V;^Jk + 1) = G(y;^(fc), 7(fc)5«^"(fcT/n), {^{k + 1) - 7(fc)) x 

5«'«(fcr/n),exp(ay^Cfe+i)), k = 0,l,...,n- 1 

where 

(3.2) G{u, v,w,p) ^u - {1 - ii)v+ + (1 + X)v- + (1 - ii)ur - 

(1 + X)w+ + p{{l - fi){w + v)+ - (1 + X){w + v)-). 

For any {u,v) G M+ x R, < a < 1 and b > introduce the set Aa.b{u,v) — 
{w\G{u, v,w,l + h), G{u, w, w, 1 — a) > 0}. From simple calculations we obtain 

("3 A ,,\ _ r _ „ _ " [u-av(l-,i))+ {u-av(l-^))- 1 

— a) a{l — )i) J 

if w > and ^{u v)-\ ("+b(i+A)i-)+ , (u+b(i+\)v)- 

l + A-(l-M)(l-a) ] if «<0. 

Set a„ = 1 — exp(— cry^) and 6„ = exp(cry^) — 1. From p. II) and the indepen- 
dency of S^k+i and it follows that tt = (a;, {7(fc)}^^]^) G y^^'"(a;, A, /i) iff for any 
k, 7(fc) is measurable and 

(3.4) (7(fc + 1) - 7(A;))5«^"(fcT/n) 6 A„,6„(VX^(fc),7(fc)^«'"(fcW)- 
Next, we prove a technical lemma. 

Lemma 3.1. Let < a,p < 1, b > and Hi,H2 : M+ x R &e a functions 

which satisfy the following conditions. For i=l,2: 

i. Hi is a continuous function. 

ii. For any w G R, v) is a non increasing function. 

Hi. Hi is a piecewise linear function which vanishing at infinity with respect to 
the first variable. Namely, there exists a natural numbers A^*-*-* , Af G N and a 

(i) (i) 

convex polyhedrals K\ K'^[^^ C R+ x R with pairwise disjoint interiors and 
U^i = [0, M(*)] X R, .such that for any j < iV^*) 

(3.5) H,{u,v)^ cf u + df V + ef V(w, v) G 
where c^l\ ...,c^^^i-^^d^i\ ...,d^^^-^^e^i\ ...,e^^^i^ GR are constants. 

Define the function H : R+ x R — ^ R_|_ by 

(3.6) H{u,v) ^\ni^^Aa.b{u,v)pHi{G{u,v,w,l + b),{v + w){l + b)) + 

{I ~ p)Hi{G{u,v,w,l ~ a),{v + w){l - a)). 
Then H is satisfying the conditions i.~iii. above. 
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Proof. Set, I{u, v, w) = pHi {G{u, v, w, l+b), {v+w){l+b))+{l-p)Hi {G{u, v,w,l- 
a), {v + w){l — a)) . Observe that /(•, u, v) is a non increasing function for any v, w. 
Clearly, for any < ui < U2 and v G R, Aa,b{ui,v) C Aa,biu2,v). Thus, 

(3.7) H{ui,v) = inf,„g^^ I{ui,v, w) > inf^,e^„ .(u^^^,) /(wi, w, w) > 

inf«,e.A„,b(«2,'») I{u2,v, w) = H{u2, v) 

and so, H satisfies condition ii. Next, we prove continuity. Let (u, v) € R+ x R and 
{{un,Vn)}'^^i C K+ X E such that (un^Vn) (u, w) and limn^oo H{un,Vn) exists 
(may be ±cx)). For any n there exists (/ is a continuous function) Wn G Aa.tiun, w„) 
which satisfies I{un,Vn,Wn) = H(un,Vn)- The sequence {w„}^i is bounded and 
so its has a subsequence {w„^. which converge to w. From p.3p it follows that 
w G Aa.biu, v) and so 

(3.8) H{u,v) < I{u,v,w) = lim /(u„,w„,w„)= lim i7(u„,w„). 

Choose li) e y^Q^6(u,w) for which I{u,v,w) = H{u,v). From (|3.3p it follows that 
there exists a sequence w„ G Aa,b{uniVn), rt G N such that lim„_>oo Wn = w. Thus, 

(3.9) H{u,v) ^ I{u,V,w) ^ lim I {Un,Vn, tin) > lim H{Un,Vn)- 



From (I3.8l) - p.9l) we obtain that H is continuous. Finally, we prove that H satisfies 
condition iii. For any (u, v) G R4. x R introduce the set 

B{u, v) = {we AaAn, v)\{G{u, v,w,l + b), {v + w){l + b)) G U£l' U 

{w G AaAu, v)\{G{u, v,w,l- b), {v + w){l- b)) G UfJi' dxf } U aX,fc(^^, v). 

Fix u,w and let B{u,v) = {wi < W2 < ■■■ < Wk}. From (j3.5p it follows that for any 
i < k, the function I{u,v, •) is linear on the interval [wi,Wi^i] and so 

(3.10) H{u,v)— min I{u,v,w). 

Note that there exists a finite sequence of real numbers ai , . . . , a^q , /3i , . . . , /3jv 1 j • • • j ^tv 
such that for any {u, v), B{u, v) C {ajU+(3jV+dj \j < N}. This together with p.lOp 
gives that there there exists a finite sequence of real numbers $1, <l>m, Ai, A^, 
01, 0m such that for any (u, t;) G R+ x R 

(3.11) i/(M,t>) = + Ajw + Gj 

for some j (which depends on (u, v)). From (|3.3[) . — f G .Ao fc(u, u) and so 
(3.12) 

H{u,v) < I{u,v,-v) ^pHi{u,0) + {l-p)H2{u,0) < max(77i(u, 0), H2(u, 0)). 

From p.lip - p.l2p and the fact that H is continuous we conclude that H satisfies 
condition iii. and the proof is completed. □ 

Next, fix n and consider the rt-stcp binomial model. For any tt G ■4^'"(a;, A, /i) 
define a sequence of random variables {U^ {k)}'j^^Q by 

(3.13) W'in) = (r«^"(n) - V;^(n)) + , and for /c < n 

U^k) = max{Ei{U^k + l)\4), (r«'"(fc) - V^Jk))+). 
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Applying standard results for optimal stopping (see Peskir and Shiryaev 2006) for 
the process (y«'"(fc) - Vl^{k))+ , fc = 0, 1, n we obtain 

(3.14) [/-(O) = max i?«[(y«-"(r) - VI^{t))+] - i?„(^, A,^^). 

For any < A: < n let ^[."^ : {-1, l}*^ IR+ such that 

(3.15) '^i"^(ei,-,efe)=>^«'"(fc)- 

Define a sequence of functions J^"^ : x R x {—1, 1}'' — > M+, fc = 0, 1, by 
the following backward relations. For any zi, ...,z„ e { — 1, 1} and {u,v) S K+ x R 

(3.16) j1"''(u,w,zi, ...,z„) = ((/)l"'(zi, ...,z„) - u)+ and 
J^"^(u,'y,zi, ...,Zfe) = max ^(0i"^(zi, ...,Zk) - u)+, inf„g^^^^^(„_^,) 

{G{u, v,w,l + bn), (1 + bn){u + w) , zi, Zfe, l) + (1 - p(")) X 
-'^fc+i(G(u,z),'u;, 1 - an), (1 - a„)(ii + w), zi, Zk, -l)^ for A: < n 

where recall, p^"-* was defined after p.l3p . From Lemma lOl it follows (by backward 
induction) that for any k < n and zi,...,Zk £ { — 1,1} the function H{-,-) :— 
J^"^(., ., zi, Zfe) is satisfying conditions i.-iii which were introduced in Lemma 



13.11 In particular it is continuous. This fact allows us to define the functions 
4"' : M+ X M X {-1, 1}'' ^ K, A: < 71 by 

(3.17) ft,^"^(u,u,zi,...,Zfe) = argmin^^j^^^ ^^(^u,v) 

J^;\ {G{U, V,W,l + bn), (1 + bn){u + w) , Zi, Zfe, l) + (1 - p^")) X 

'^fe+i(G(M,u, w, 1 - a„), (1 - a„)(u + w), zi, z^, -l)^ . 

Let a; > be an initial capital. Define tt = 7r„(a;, A,/i) = (x, {7(A:)}JJ^i) by 

(3.18) ^A%(0) = a;, and for < A: < ti, 7(fc + 1) = 7(A:) + 
se,^(lT/n) 4"^ (^^^^(fc)' 7(fc)^^-"(fcJ^A^), ^1, a) and lX^(fc + l) = 



Gfc(fc), 7(fc)^«'"(fcT/n), (7(fc + 1) - 7(fc^))5«>«(fcr/n), exp(a^^6+i)) . 
Proposition 3.2. For any ti e N and x >Q 

(3.19) i?„(7r„(x, A,^),A,^) = Rn{x,\,p) = J^"-'(a;,0). 

Proof. Fix n G N and a; > 0. Set tt = 7r„(a;,A,/i) = (2^,7) and let tt = (x,7) G 
^^'"(a;. A, ^) an arbitrary portfolio. First we prove by backward induction that for 
any k < n, 

(3.20) 4")(lX^(fc^),7(A:)5«'"(fcr/n),6,...,aO = U^k) and 

4"^(^A*;.(^),7(fc)^«'"(A:T/n),a,...,6) < C/*(fc). 
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For k = n, we obtain from ([XTS]) and ([3?T5l) - (|3TT6l) that the relations ([3^ hold 
with equality. Suppose that p.20|) holds true for fc + 1 and prove them for k. Set, 

T = j{k)S^'"{kT/n), t = ^{k)S^'"{kT/n), 

r = h["\v^Jk), T,6, and f = {^{k + 1) - 7(fc))5«."(fcr/n). 

From p.l7p - p.l8p and the induction assumption it follows 



(3.21) Ei{Unk + l)\4) = Ei(4%(G{V{Jk),T,T,eM^VTN^k+i)), 

^i)-P^''^4t{G{V^Jk),T, 



(r + T) cxp{ay/T/n£,k+i), 6, 6+i 

r, 1 + 5„), (r + T)(i + 5„), a, a, l) + (1 - {G{VZjk), T, 

r, 1 - a„), (r + T)(l - a„),fi, ...,^fc, -1^ = mint„g^^^_^^(y^v._^(fc)^T) 
= p(")4"\ (^G(y,^^(fc), T, u;, 1 + b,,),{w + T)(l + 6„), ^i, 6, l) + 

(1 (^G(F-^(fc), T, 1 - a„), (u; + T)(l - a„),6, -.a, ^l) ■ 

From p.4p it follows that F e -^a„,b„(l^A^^,(fc), T), and so from the induction as- 
sumption 



(3.22) EiiUHk + > Eii^ji!:;!,i^G{V^Jk), f,f 

(f + t)exp(ay7>a+i),a,-,a+i) -P^"'4+\(G(l^A*^(fc),t, 
f, 1 + 6„), (f + t)(l + 6„), a, 6, l) + (1 - {G{V^Jk), t, 

f, 1 -an),(f + T)(1 -a„),Ci,...,a-,-l^ > min^g_4^^ 

= (G(vx^(fc), t, 1 + 6„), («^ + T)(i + b„), a, a, l) + 

(1 -p("))4;\ (^G(F*^(fc), f,w,l^ a„), (u; + t)(l - a„),a, .-.a, ^l) ■ 

Combining (IXTO)) . ((XT5|) - ((XTB|) and ([Mil)- (ESS) we obtain that ([5:^ holds true. 
Next, by using (fO))) for fc = and ((3?T4)) it follows that for any n e ^«'"(a;, A, ^) 

i?„(^,A,Ai) = C/"(0) = 4"^(a;,0) < (7^(0) = i?„(^, A,^^). 

Thus Rn{x,X,fi) — i?„(7r. A, /i) = Jq"'(x,0), as required. □ 

Corollary 3.3. From Lemma \3.1\ and Proposition \3.2\ we obtain that the func- 
tion i?„(x. A, /i) = Jq^\x,0) is a continuous non increasing piecewise linear func- 
tion vanishing at oo. Namely, there exists a natural number N, ci,...,cn < 0, 
di,...,dN G R and = ai < a2 < ... < ajv+i < oo such that Rn{x,X,^) — 
E^iItK.a,+i)(c»a; + d»). 
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4. Proof of the limit theorems 



In this section we complete the proof of Theorems I2.2ti2.3l We start with a 
technical preparations. 
For any n set 

(4.1) S^-'\t)^S^{9i"^^), kT/n<t<{k + l)T/n, fc = 0,l,...,n. 
Define 

(4.2) ^'^'"(i) = F(i,5^'"), te[o,r]. 

Note that for any < fc < n 

(4.3) Y^'^{kT/n) = (^^W*{0["'>), (VK*(^^^"^) - iy*(<^)), 
From Kifer (2006) 

(4.4) hm„^oo supo<t<T 1 5"^'" (t) - (t) \ = and 

lim„^oo maxi<fe<„ l^^") "^1=0. 
Fix n. Following Kifer (2006) we introduce for each k — 1,2,... the finite a- 
algebra ^/f'" = (t{M^* (6*^"^ ),..., T/F*(6'["^)} with g^'"" = {0,17vi/} being the trivial 
cr-algebra. Let and 7^^'" , be the sets of all stopping times with values in the 

set {0,1,..., n} with respect to the filtrations {G^'"}]i^Q and {■^^„)}k=0' respec- 

lively. Recall the set A^'"{x, X, n) which was introduced before equation (j2.20|l . 
Define 

(4.5) i?^-"(x,A,M)- inf ^ sup E'^[{Y'^^-{rT/n)-VZ,iei"^)n 

'O.n 

From (HJl) it follows that for any tt = (x, {7(t)}^^o) ^ A^^^^ix, A,^), 

(4.6) Vl^{e^^l,) = G(y,':^(fc),7(0i"')5^(ei"^T,exp(a(M/*(0(';\)-Ty*(0i"))))) 
where T = {liO^^L) - 7 (6*1"^)) 5''^ (6*^^) and G was introduced in (lO) . 



Combining similar arguments to those of Section 3 (replace {Ci}"=ij v)}?=0' 
and by {^f (M^*(0f )) - W\efXm^^, {^^(^f ^)}?=o and {J-^T^If^o, 

respectively) with (gS]), and the independency of VK*(6'^"\) - T4^*(6i^"^) and 

J^^i , we obtain 

(4.7) i?'^-"(a;,A,/i) - .4"H.x) - i?„(x,A,Ai) V.t, A, 

Next, fix an initial capital x and a proportional transaction costs A, /i. For any n 
let 7r„ = 7r„(a;, A, /i) be the optimal portfolio which is given by p. 181) . Consider the 
portfolio 7r„ := i\'n(j^n) G (x^\^[l). For these portfolios we have the following 
lemma. 

Lemma 4.1. 

(4.8) lim sup i?(7r„. A, /i) — Rn{x, A, /i) < 0. 
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rw 

'[0,T] 



Proof. For any n let r„ e 77?yi such that 



(4.9) R{^n,\^^) < ^ + i?^[(i^^(r„)- V*;:(r„))+] 



Define i^n = rt A min{fc|(?^ > r„}, n G N. Observe that e 7^.„'" and 6*^,,/ > 



Tnf\0^n \ The portfoho value process {y\l{t)}t^o is a supermartingale with respect 



to the measure . Thus for any n G N 

(4.10) y*;(r„) = y*;:(r„ A e^) > ^^(y;;(0(:))|J^^^^^,„,). 
From (|2.3p . (|4.10l) and the Jensen inequhty it fohows 

(4.11) i?^[(r^(r„ A el"') ~ V*;:(r„))+] = (^-_l-^(r^(r„ A ^?1"') 
From (|4J)) and (|4TT|) . 

(4.12) i?(^„,A,M) < i+i?M'|yM/(^^)„yW(^^^^^(n))|_^ 

^^(liS^y - lhuPo<*<T>^'^(i)) A^l"') -y^-(.„r/n)| 

+ii;'^[(r^^"(^^„r/n) - F*;:(0l:'))+]. 

From the definition it fohows 

r„ - r„ A 0l"' < |T - ^1"' |, ^1:' - r„ A 9^?^ < maxo<fc<„ 0i"+\ - 0^"' < ^ + 
2maxi<fc<„ |0^"' - and |t„ A - i^„r/n| < ^ + maxi<fe<„ |0["' - f^]. 

From gH) we get that the sequences {t„ - t„ A 6*1"' , {6il"' - r„ A ^1"' and 
{t„ a 6*1"' - i/„T/n}^^i converge to in probabihty. From (gH) S"^^" ^ S''^ 
(on the space M[0,T]) in probabihty. Since F is continuous and the process 
Z is continuous we obtain that the sequences {F^(t„) — Y^{Tn A 6'l"')}5^i, 

^1 zS?') ~ ^1 ^'^Po<^<T Wl^^i and {y^(r„AeVi^^'"KT/n)}-i con- 



verge to in probabihty. From (|2.4p it fohows that the above sequences are uni- 
formly integrable, and so they converge to in L^{il.w, P^)- Thus from ()4.12p 

(4.13) lim sup i?(7r„, A, n) - < 

where yl„ = E^[{Y^'''{iy„T/n)~V^J^{9iJ'}))+]. Note that the process {(r^'"(fcT/n 

~^A^/l(^fe"'))^}fe=o adapted to the filtration {Gk^'"}k=oj thus from standard dy- 
namical programming (see Peskir and Shiryaev 2006) it follows 

(4.14) A„ < sup^,.^^^„ E^[iY^^-iCT/n) - VX;:(4"'))+] = 

sup^,^w,„ E^iiY^'-iCT/n) - F*;;(4"'))+]. 
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Recall the map n„ which was introduced after Theorem 12.21 Notice that n„ : 
Ton ~^ Ton is ^ bijection and for any random variable U G P,f ), i?^n„([/) — 

EiU. From ([2221), (|XT5|) and (gS]) we obtain 

(4.15) sup^,^^.,„ E^[iY^'-iCT/n) - VX;:(4"^))+] = 

sup^g^^,^ EiiiY^'^^ia) - V^-{a))+] = i?„(^„, A,/i) = i?„(a:, A, a^). 
By combining (|4.13p - (|4.15p we complete the proof. □ 

Let A > and < ^ < 1. Set A„ = (1 + X) exp{~2(T ^J^) - 1 and ^„ = 

1 — (1 — /i) exp(2(Ty^) (we assume that n is sufficiently large such that A„ > and 
< fin < 1). 

Lemma 4.2. For any initial capital x, 

(4.16) lim sup Rnix, Xn, fin) < R{x,X,fi). 

Proof. Choose e > 0. There exists tt — {x, {7(i)}tLo) ^ A^{x, A,^) such that 

(4.17) R{tt, a, Ai) < e + Rix, X, n). 

For simplicity we extend the portfolio tt to M+, by setting 7(t) = for t > T, i.e. 
the portfolio value remains constant after the maturity date T. Set u„(fc) = 7(^1"'' )j 
n e N, < fc < n. For any n define the adapted (to the filtration {J-^^j^o) process 

{initio by 



(4.18) 7n(t) = EV<*<<;\""(^)- 

fe=0 

Consider the portfolio 7r„ = (a;, {7n(0}t^o) ^ ^S model for which purchase 
and sale, of the risky asset are subject to a proportional transaction costs of rate 
Xn and /x„, respectively. Observe that for any i < n we have the inequalities 

exp(2ay^)inf^<„,^^<^<„, S"^ [t) > S'^ie^'l^,) and exp(-2ay|) sup,<„,^^<,<„, 5^(0 
< S^{9ll\). Thus for any i < n 

(4.19) (1 - fi) J^B S'^m^-it) - (1 + A) S^{t)d^+{t) < 

(1 - i^n)s^{et^,) j'B di-{t) - (1 + Xn)s^{et^,) dj+it) < 

S'^{0[1\){{1 - fin){Un{l + 1) - Unit))- - (1 + A„)(u„(l + 1) - U„(^)) + ) < 
^'^(f?,^+l)((l - A^n)K(^)+ - U„(Z + 1) + ) - (1 + Xn){Un{l)- - li„(z + 1)")). 
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Set u„(-l) = 0. From ([2Jl) and (|4TT9|) it follows that for any fc < n 

(4.20) V^:^^J9t^) =x + {l- A.„)K(fc - + 

Eto + 1) - - (1 + K){un{k lyS^iO'^i:^) + 

Eto K(* + 1) - > a; + (1 - ^i){urXk)+S^{et'^) + 

Et^ s^it)dj-it)) - (1 + x){u^ikrs^ie^-^) + 

Thus TTn £ A^'^{x, Xn, f^n)- Froni (|4.5p and (I4.7p we obtain that there exists a 
stopping time t„ G T^'tx" ^'^'^^ that 

(4.21) i?^[(y^'"(r„T/n) - T/;„",,„ > Rn{x, A„, m„) - e. 
Clearly R{tt, A, ^i) > i;^[(y'^(0i"^ AT) - V^^JO^rl^ A T))+], and so from KM 

(4.22) i?(^, X,fi) > E'^iiY^iOil^ AT) - "t^r„%„(^i"'))^]- 
From (|4T7|) . (j4:2T1) and (|4:22|) it follows 

(4.23) i?„(x, A„, < R{x, X, fi)+2e + E^^ {Y"^-" {t,,T / n) - V"^ (9^1^ A T)\. 

By using the same arguments as in Lemma 3.1 we get lim„_>oo i?^|F^'"(T„T/n) — 
Y^{ei"J A T)| = and we complete the proof. □ 

Observe that for any n e N, A' > 0, < /i' < 1 and x > 0, the functions 
Rn{x, y , ■), Rn{x, fi') are non decreasing. Thus from Lemma 14.21 we obtain that 
for any X>0,0<fi<l and < e < 1 — /i 

(4.24) R{x, A + e, /i + e) > lim sup Rn{x, A, ^). 

n— f 00 

Define the function R : R+ x (0, 00) x (0, 00) M+ by 

(4.25) R{x, A, fi) = lim lim R{x, A', ^')- 

The limit above is exists since the functions Rnix, A', •), Rn{x, •, /i') are non decreas- 
ing. From (|4.24p 

(4.26) R{x,X,fi) > lim sup i?„(x, A, /i). 

n— >oo 

Next, fix X, fj, and let 7r„ = 7r„(x, A, /i) be the optimal portfolio which is given by 
p. 181) . From Lemma SH] and (|4.26l) we obtain 

(4.27) i?(x, A, n) < lim inf„^oo ■R(V'n(7r„), A, ^) < lim inf„^oo Rn{x, A, ^) < 

R{x,X,fj,) and i?(a;, A, ^) < limsup„_^oo ^(■'/'"(ttk), A, /i) < 
limsup„_^oo Rn{x,X,fj.) <R{x,X,^). 

Thus in order to complete the proof of Theorems I2.2H2.31 it remains to establish 
the following stability result. 

Lemma 4.3. For any A>0, 0</i<l and x G K+ 

(4.28) R{x,X,fi) ^ R{x,X,n). 
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Proof. The inequality R{x, A, /i) > R{x, A, /i), is trivial. Thus it is sufficient to show 
that R{x, A, /i) < R{x, A, fi). Fix A, /i, x and choose e > 0. For a; = the statement 
is trivial since -R(0, •, •) = sup^g^w ^ E^Y^ {t). Assume that x > 0. There exists 

{l{t)}J=o) e ^'^(a;, A,^) such that 

(4.29) R{tt,\,^i) <R{x,\^)+e. 
Set 

(4.30) A(") = a + ^J—lt. and /ij,") = /i + il-^il^ , n G N, < g < 1. 

We assume that rt is sufficiently large such that /Xg"'' < 1 for any < g < 1. 
Introduce the stopping times 

(4.31) T„ = TAinf S'^(u)|d7|(u) + |7(t)|S'^(t) >n|, n G N. 

The stochastic process { g S'^(u)|d7|(M) + \l{t)\S^{t)]l^^ is left continuous, and 
so for any t <T, 

(4.32) / 5^(^/)|d7|(u) + |7(iAT„)|5^(<AT„) <n. 
Jo 

Notice that 

(4.33) lim r„ = T a.s. 
From (j4:30l) and ([432| it follows that for any < t < T 

(4.34) (4"' -Ai)(/„*^""^^(zi)d7-(^^)+7(<AT„)+5'^(tAT„)) + 
(4"^ -A)(C"5^(M)rf7+H + 7(iAT„)-5W/(iAr„)) < {1 - q)x. 

For any n G N and Q < q < 1 , {(77(i)It<T-,^ is an adapted process of bounded vari- 
ation with left continuous paths. Consider the portfolio tt^"'' — {x, {qj{t)It<T„ }f=o)- 
From ([2Jl) and (|434l) we obtain 

(4.35) (i) = (t A T„) = qx + il~ q)x + 

Ag ,/J,g 

9(1 - M^"^)( S'^{u)d^'{u) + -fit A T„)+^^(t A T„)) - 
9(1 + A^"^)( 5^(«)d7+(«) + 7(i A r„)-^^(t A T„)) > + 
9(1 - ^^(«)rf7"(") + lit A T„)+5^(t A r„)) - g(l + A) x 

(/„*^""^^(ii)d7+(")+7(iAr„)-5'^(tAT„)) =gy-^(iAr„) >0. 

We conclude that 4"^ € ^'^(x, A^"\ 4"^)- From (|4:29| and (|4:35l) 

(4.36) Rix, a("\ M^"') < sup.e^^, i?^[(r'^(r) - gy-^(r A r„))+] < 

gsup,,^«^^ E^iiY^ir) - y-^(r A r„))+] + 
(1 - g)£;^ supo<,<^ y^(t) < e + Rix, A, /i) + 
i?^ supo<,<T |i^^(0 - r^(t A T„)| + (1 - g)i?^ supo<,<T Y'^it). 
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For any n, R{x, A, /i) = limg-|-i R{x, Ag""*, and so from (|4.36p it follows that for 

anyn, R{x,X,fi) < e + A, ^i) + supo<t<T l^^'^W - A r„)|. Thus 

(4.37) Rix,X,^) <e + R{x,X,^i)+lim ini sup \Y^ (t) ~ {t A Tn)\. 

n-^oo o<t<T 

From ((433| we obtain that lim„_).oo supg^j^j^ ^Oa.s. Thus 

lim„^oc> supo<j<y |y^(i)-r^(iAr„)| = 0, this together with (|i371) completes 
the proof. □ 

Remark 4.4. Consider the BS model in the absence of transaction costs (complete 
market). In this case a self financing strategy tt with an initial capital x is a 
pair {x, {j{t)}J^Q) such that the process {'j{t)}J^Q is progressively measurable with 
respect to the filtration , i > and satisfy 

(4.38) / (7(t)S'^(t))^di < oo a.s. 

Jo 

The portfolio value V^(t) for a strategy tt — {x, {7(i)}?Lo) time t G [0, T] is given 
by 

(4.39) V''{t)=x+ f -f{u)dS^{u). 

Jo 

A self financing strategy tt is called admissible ifV'"(t) > for all t G [0,r] and 
the set of such strategies with an initial capital x will be denoted by {x). The 
shortfall risk is defined by 

(4.40) i?(7r) = sup E^[{Y^iT)-V''iT))+] and R{x) = inf i?(7r). 

Let {x,Q,Q) G J\}^ [x) be the set of all portfolios (a;, {7(i)}^o) such that {j{t)}f^Q 
is an adapted process of bounded variation with left continuous paths and 7(0) = 0. 
Note that for any (a^, {7(i)}tLo) G {x,0,0) the portfolio values which are given 
by \2. 7| ) with X — 11 — and ^4 ■ -^^P o^'c coincide. From Dolinsky and Kifer (2008) 
(Theorem 2.2) it follows that for any initial capital x G and e > there exists 
n G N and a portfolio it = (a;, {7(i)}?Lo) of the form 

n-l 

(4.41) 7(i) = EV'<*<«S"'+^ 

i=0 

where for any 1 < i < n, Ui is a random variable J'^n) measurable, such that 

i?(7r) < R{x) + e. Thus R{x) — inf7rg^B'(j, 0,0) Ri''^); '^i^d. so by following the steps 
of the proof of Lemma we get that for any initial capital x > 

(4.42) R{x) = limlimi?(a;, A,^). 

Consider an American call option Y^ (t) = {S^ (t) — Ke^"^^)^ , t < T with param- 
eters K,r > 0. Clearly V* = E^Y^{T) is the price of the above call option in 
the complete BS model. From {4.^2^ it follows that liniA^o lini^^^o ^(^^*, A, /i) — 0. 
In particular we obtain that in the presence of transaction costs, for an initial cap- 
ital X = V* and for sufficiently small A, /i > the buy and hold strategies are not 
optimal ( unlike for the superhedging case ) for the shortfall risk measure. 
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5. Proof of Theorem 2.1 

In this section we assume that the parameters x, A, /i are fixed. Let / C [0,r] 
be a dense set in [0, T] and let 7}^ C Tjj^j be the set of all stopping times with a 
finite number of values which belongs to /. 

Lemma 5.1. For any tt G [x, A, /i), 

(5.1) i?(7r,A,M)= sup E'^[{Y'^{r)-Vl^{T))+]. 

Proof. Clearly i?(7r, A, /i) > svcp^^^w E"^ [{Y^ {t) ~VI^{t))+]. Thus it is sufficient 
to show that i?(7r, A, ^i) < sup^g^-^- E^[{Y^{t) - V;x'^^(r))+]. Choose e > 0. There 
exists r G Tj^j such that 

(5.2) R[^.\ii) < E'^liY'^ir) - VZ^ir))+]+e. 

For any n there exists a finite set C / for which IJ^g/ (z — i,2: + i) D [0,r]. Let 
a„ be the maximal element of /„. Define Tn = min{t G > ■''}Ir„<a„ +anlT„>a„. 
Clearly, r„ < a„ a.s. and for t G /„ \{a„} we have {r„ < i} = {r < G . Thus 
T„ G T}'^. Furthermore, |t„ — t| < ^ and so t„ ^ r a.s. From (|2.7p it follows that 
the stochastic process {^^^(Oltlo continuous with right hand limits and has 

only negative jumps (in discontinuity points). Thus ^{t) > limsup^^g^ fxiTn) 
a.s. By using (j5.2p and Fatou's lemma we obtain 

(5.3) R{7:,X,fi) < e + £;^[liminf™(>"^(T„) - VX^(t„))+] <e + 

liminf„^o, i?^[(r^(r„) - VZJt,,))+] < e + sup^^^H- E[{Y^ {t) - VI^{t))+\ 

and the result follows by letting e J, 0. □ 

Next, let {tTu — (a;,7n)}5^Li C ^^(x. A, /x) be a sequence such that 

(5.4) lim i?(7r„, A, /i) = i?(a;, A, /i). 

From the integration by part formula we get that for any n G N and t G [0,r] 
7„(i)5^(t) = j'^ {u)d-in{u) + /o7„(u)d5^(M). This together with (IO)-(l2:8l) 
yields 

(5.5) min(A,/^) / {u)\dj,,\{u) < x + f j„iu)dS^{u), t e [0,T], n G N. 

From (|5.5p it follows that any n, the local martingale (with respect to the prob- 
ability measure P^) {J^ jn{u)dS^ {u)}f^Q is bounded from below, and so it is a 
supermartingale. Thus from (l53|), E^ {u)\d'yn\{u) < SiSp:;7r)' ^eN. From 

Markov's inequality we get that the set conv{ /^^ S'^(u)|o?7„|(m)}^^ is bounded 
in L'^{P^). This together with Lemma 3.1 in Guasoni (2002B) yields that the set 
conv{ M7n|(w)}^j^ is also bounded in L°(P^). From Lemma 3.4 in Guasoni 
(2002B) there is a sequence rjn G conv('-fn,Jn+ii ■■■) such that rjn converges a.s. in 
dtdP^ to a finite variation process. In fact, from the proof of this lemma, we get 
a stronger result. We obtain that there exists a non decreasing, left continuous 
adapted processes {a{t)}J'^Q and {/?(i)}tLo ^i^h a{0) = /3{0) = 0, such that 

(5.6) lim rj^ = a and lim rj^ — 13, a.s in dtdP^ 
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where 
(5.7) 

+ Vn{t)+J^ \dVn\is) _ /o \dr]\{s) - rin{t) _ ^, ^„ 

Vn{t) = ^ and T]^{t)^^ , te[0,T], n € N. 

In particular, there exists a countable dense set G / C [0,T] such that 
(5.8) 

lim f]+{t) = a{t), V< e /} = 1 and lim r;-(f) = P{t), \/t e 1} = 1. 

Define 7 = a — /3. Clearly, 7 is an adapted process of bounded variation with 
left continuous paths and 7(0) = 0. Finally, we prove that tt := (2^,7) is an 
optimal portfolio, i.e., tt € ^'^(x. A, /Lt) and R{tt,X,ii) = R(x,X,ii). Clearly for 
any n £ N, the wealth process of the portfoho 7r„ {x,r]n) is satisfying V^'^^ G 

conv{V^'^,V^'l^'^^ ,...}, and so ffn e {x, X, fi). The shortfall risk measure A, /i) 
is a a convex functional of the wealth process ^. Thus, 

(5.9) i?(7r„. A, ^) < sup i?(7rfe, A, fi). 
From dO]) and ([CT)) . 

(5.10) Hm R{TTn, X, ^) — R{x, X, 

n— J-oo 

From (|5.8p and Theorem 12.16 in Protter and Morrey (1991), 

(5.11) J^S^{u)da{u)=limn^c^S^{u)dT]+{u) and 

Jo 5^(u)d/3(u) = lim„^oo S'^iu)df]-{u), a.s. V< G I. 

Thus 

(5.12) /o5^(u)d7(u)-lim„^oo5'^(«)dr;„(u) and fl; {u)\dj\iu) < 

/o 5'^(u)da(u) + /o S^{u)d/3{u) = lim„^oo /q ^^(u)M?7«l(w), a.s. V< G /. 

This together with ^^-^1} gives 

(5.13) v^Jt) > lim y*;:(i) > 0, Vt G /. 

Thus TT G ^'^(a:, A, /i). By combining Fatou's lemma together with Lemma [5.11 
([5?TU)) and ((57TO)) wc obtain 

i?(7r, A,m) = sup,,^^^ E^iiY^ir) V^Jr))+] < 

sup.^rr i?^'[lim„^oo(r^(T) - VZ-{t))+] < 
sup.g^w liminf„^^ E^iiY^ir) - y*;(T))+] < 
lim„^oo R{TTn, A, /i) = i?(a;. A, fi). 

Thus i?(7r, A, fi) = R{x, A, /i) and the proof is completed. □ 
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